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Motivation and Applications

Definition/construction of conformal field theory (CFT).
(G. Segal '87)

Formalizes: Amplitude:/ e =Dy
(Fi= M)
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Weakly (chiral) CFTs:
A([2Z,v]) depends holomorphically on [X, 2)].

e Deeper mathematical structure.

e Construct using Vertex Operator Algebras
(9 = 0,1 complete — Huang, Zhu).



Basic Problem

For a rigorous definition of weakly CFT we need to make
sense of

“A([X,]) depends holomorphically on [X,]".

Theorem. -

1. The moduli space of rigged ':I:gg;' ;bla(na'it'%)

surfaces is a complex mani- R. 03 (all g)? ’
fold.

2. The sewing operation is a Today
holomorphic map between ¥ quasisymmetric:
rigged moduli spaces. RS 05
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Conformal Welding

A — unit disk, A*=C\A

w:C—=Cis its circular dilation
quasiconformal is bounded.

h:S! 5 Stis there exists a quasiconformal
quasisymmetric extension w : A = A.

Conformal welding: There exists conformal F; and
F, such that F,'o F; = h on St

quasicircle

Quasisymmetric boundary parametrization:

Sl




Quasisymmetric Sewingd

Quasisymmetrically rigged surfaces: (X1,v1), (X2,v%2)

2 1FH2I, = (Zl L Zg)/ ~ W L 0X; — S1

z~y <= (bt oJor)(z) =y J(2) =1/

Define charts using:

Proposition. This gives the unique complex structure
on > 1#3> > which is compatible with 37 and X»,.



Rigged Moduli Spaces

Fix: n — number of boundary components, g — genus.
Notation: ¥ = (¢1,...,%,) — list of parametrizations.

Border Model: MP(g,n) = {(Z,¢)}/ ~

(X1,%) ~ (X2,9") <= Fo : X1 — X5 and ;0 0 = o)

Sew on puncutred disks: I = Z#(Ag)".

Sl

Puncture model:
> P — surface with punctures p = (p1,...,pn).

Oac(pi) = {¢ : nbh(p:) = C| A Cim(¢),
¢ is quasiconformal,

¢! is biholomorphic on A}

MP(g,n) = {=F, ¢}/ ~

Proposition. M?B(g,n) ~ MF(g,n)



Rigged Teichmuller Spaces

Fix: Rigged base surface (X,7) and P = Z#.(Ao)".

Given X1 and quasiconformal f : X — 3>, write (X, f,2X1).

Teichmuller space: T(X) = {(X, f,X1)}/ ~.

(=, f,X1) ~(X,9,22) <= do:32X1— X5 such that

g ltooofaid (rel. boundary)

Rigged Teichmuller spaces

Border Model: T5(X) = {(=, f,X1,%1)}/ ~5

For ~p, homotopy not necessarily “rel. boundary”

and ¥, 00 = 7.

Puncture Model: T7(=F) = {(ZP, f,£P,¢,)}/ ~p

@1 € Oqc(p). For ~p, P00 = ¢;.

Theorem. T5(X) = TP(=P)

Proof. Sew on caps. Need results on extensions of qua-
siconformal maps. Use the extended A-lemma (Maié-
Sad-Sullivan '83, Stodkowski '91).



Complex Structures

QCo(X)={p: X > X |p~id (rel. boundary)
PMod(X) = QC(X)/QCo(X)
PMod I(X) = {[p] € PMod(X)|on 8%, p = id}
DB(X) = the subgroup (“boundary” Dehn twists)
DI(X) = the subgroup (“internal” Dehn twists)

T5(%)
DB DB
TH(E) : TP (=P)
DI PMod
M (g,n) - MP(g,n)

Main Theorem. All the spaces are complex Banach
manifolds with structure inherited from TB(XZ5).

Example: TB(Z)/PModI(X) — MB(g,n)

Tof~1:0%X1 — S is quasisymmetric.



Sewing

Fix rigged base spaces (X,7) and (Y, n).
Sew the :th boundary of X to the jth boundary of Y.

Teichmuller space level:
([X7 f7 X1]7 [Yagayl]) — [X#YafugaXl#Yl]
X1 and Y7 are sewn using ;0 f~ and n; o g7L.

Moduli space level:

([X1, 9], [Y1,9']) — (X#Y, p3p’)
Sew using ; and 7.

L((xil,l)(X)l X szil’l)(y)l S L(()il,l)(X#Y)l

TB(X) x TB(Y) ST TB(X#Y)

SM

MEB(X) x MB(Y) MB(X#Y)

u on X
S , = uUr =
(w,v) =pnUv {,, ony

The diagram commutes.

Theorem. The sewing maps are holomorphic. I




Summary

In conformal field theory the basic geometric objects are
rigged Riemann surfaces (3X,t) where ; are (analytic)
parametrizations.

Results. We generalized to the case where
v L 0 — S1 are quasisymmetric and obtained
the following:

The rigged Moduli spaces are complex manifolds.

The complex structure is inherited from T2(X).

w NoE

. The sewing operation is holomorphic.
4. The puncture and border models are equivalent.

These are needed in the definition of chiral CFT.

Application/benefits of the quasisymmetric case:

e Direct description of the border model.

e Application to the construction of CFT from
vertex operator algebras.

e Connections to geometric function theory
(to be explored).

e For all (g,n), MB(g,n) sits inside T(1) = T(A).
Adds weight to the old idea of using T'(1) as the
space of all paths in string theory.




